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Abstract

The old cosmological constant problem is to understand why the
vacuum energy is so small; the new problem is to understand why it is
comparable to the present mass density. Several approaches to these
problems are reviewed. Quintessence does not help with either; an-
thropic considerations offer a possibility of solving both. In theories
with a scalar field that takes random initial values, the anthropic prin-
ciple may apply to the cosmological constant, but probably to nothing
else.

1. Introduction

There are now two cosmological constant problems. The old cosmolog-
ical constant problem is to understand in a natural way why the vacuum
energy density py is not very much larger. We can reliably calculate some
contributions to py, like the energy density in fluctuations in the gravita-
tional field at graviton energies nearly up to the Planck scale, which is larger
than is observationally allowed by some 120 orders of magnitude. Such terms
in py can be cancelled by other contributions that we can’t calculate, but
the cancellation then has to be accurate to 120 decimal places. The new
cosmological constant problem is to understand why py is not only small,
but also, as current Type Ia supernova observations seem to indicate| of
the same order of magnitude as the present mass density of the universe.

The efforts to understand these problems can be grouped into four gen-
eral classes. The first approach is to imagine some scalar field coupled to
gravity in such a way that py is automatically cancelled or nearly cancelled
when the scalar field reaches its equilibrium value. In a review article over
a decade agof] I gave a sort of ‘no go’ theorem, showing why such attempts
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would not work without the need for a fine tuning of parameters that is just
as mysterious as the problem we started with. I wouldn’t claim that this is
conclusive — other no-go theorems have been evaded in the past — but so
far no one has found a way out of this one. The second approach is to imag-
ine some sort of deep symmetry, one that is not apparent in the effective field
theory that governs phenomena at accessible energies, but that nevertheless
constrains the parameters of this effective theory so that py is zero or very
small. I leave this to be covered in the talk by Edward Witten. In this
talk I will concentrate on the third and fourth of these approaches, based
respectively on the idea of quintessence and on versions of the anthropic
principle.

2. Quintessence

The idea of quintessencef] is that the cosmological constant is small be-
cause the universe is old. One imagines a uniform scalar field ¢(¢) that rolls
down a potential V(¢), at a rate governed by the field equation

¢+3Hd+V'(¢) =0, (1)

where H is the expansion rate

H = V (5 ) (04 ou1) (2)

Here py is the energy density of the scalar field

1.
po =58 +V(9), (3)
while pjps is the energy density of matter and radiation, which decreases as

pym = —3H (pyp +pum) (4)

with pps the pressure of matter and radiation.

If there is some value of ¢ (typically, ¢ infinite) where V'(¢) = 0, then it is
natural that ¢ should approach this value, so that it eventually changes only
slowly with time. Meanwhile pj; is steadily decreasing, so that eventually
the universe starts an exponential expansion with a slowly varying expansion
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rate H ~ /87mGV (¢)/3. The problem, of course, is to explain why V(¢) is
small or zero at the value of ¢ where V'(¢) = 0.

Recently this approach has been studied in the context of so-called
‘tracker’ solutions[] The simplest case arises for a potential of the form

V(g) =M%, (5)

where @ > 0, and M is an adjustable constant. If the scalar field begins at a
value much less than the Planck mass and with V(¢) and ¢* much less than
par, then the field ¢(t) initially increases as t2/(®) | so that pe decreases
as t—20/(2+0) " while pys is decreasing faster, as t~2. (The existence of this
phase is important, because the success of cosmic nucleosynthesis calcula-
tions would be lost if the cosmic energy density were not dominated by pas
at temperatures of order 10% °K to 10'° °K.) Eventually a time is reached
when pj; becomes as small as pg, after which the character of the solution
changes. Now p, becomes larger than pys, and pgs decreases more slowly,
as t~2/(4+®)  The expansion rate H now goes as H o< \/V(§) oc t=¢/(4+e)
so the Robertson-Walker scale factor R(t) grows almost exponentially, with
log R(t) o t¥(4+) In this approach, the transition from pj;-dominance to
pgs-dominance is supposed to take place near the present time, so that both
pm and pg are now both contributing appreciably to the cosmic expansion
rate.

The nice thing about these tracker solutions is that the existence of a
cross-over from an early p)/-dominated expansion to a later pg-dominated
expansion does not depend on any fine-tuning of the initial conditions. But it
should not be thought that either of the two cosmological constant problems
are solved in this way. Obviously, the decrease of py at late times would
be spoiled if we added a constant of order mp,,, 4 (or mj,, or ml) to the
potential (5). What is perhaps less clear is that, even if we take the potential
in the form (5) without any such added constant, we still need a fine-tuning
to make the value of pg at which pg ~ pys close to the present critical density
peo- The value of the field ¢(t) at this crossover can easily be seen to be of
the order of the Planck mass, so in order for ps to be comparable to pys at
the present time we need

M~ (87G) ™2 py ~ (80 G) 12 HE . (6)

°I. Zlatev, L. Wang, and P. J. Steinhardt: Phys. Rev. Lett. 82, 896 (1999); Phys.
Rev. D 59, 123504 (1999).




Theories of quintessence offer no explanation why this should be the case.
(An interesting suggestion has been made after Dark Matter 2000.f})

3. Anthropic Considerations

In several cosmological theories the observed big bang is just one member
of an ensemble. The ensemble may consist of different expanding regions at
different times and locations in the same spacetime,[] or of different terms in
the wave function of the universe.ﬁ If the vacuum energy density py varies
among the different members of this ensemble, then the value observed by
any species of astronomers will be conditioned by the necessity that this
value of py should be suitable for the evolution of intelligent life.

It would be a disappointment if this were the solution of the cosmologi-
cal constant problems, because we would like to be able to calculate all the
constants of nature from first principles, but it may be a disappointment
that we will have to live with. We have learned to live with similar dis-
appointments in the past. For instance, Kepler tried to derive the relative
distances of the planets from the sun by a geometrical construction involving
Platonic solids nested within each other, and it was somewhat disappoint-
ing when Newton’s theory of the solar system failed to constrain the radii
of planetary orbits, but by now we have gotten used to the fact that these
radii are what they are because of historical accidents. This is a pretty good
analogy, because we do have an anthropic explanation why the planet on
which we live is in the narrow range of distances from the sun at which the
surface temperature allows the existence of liquid water: if the radius of
our planet’s orbit was not in this range, then we would not be here. This
would not be a satisfying explanation if the earth were the only planet in
the universe, for then the fact that it is just the right distance from the sun
to allow water to be liquid on its surface would be quite amazing. But with
nine planets in our solar system and vast numbers of planets in the rest of
the universe, at different distances from their respective stars, this sort of
anthropic explanation is just common sense. In the same way, an anthropic
explanation of the value of py makes sense if and only if there is a very large
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number of big bangs, with different values for py .

The anthropic bound on a positive vacuum energy density is set by the
requirement that py should not be so large as to prevent the formation
of galaxies.[] Using the simple spherical infall model of Peebles[Y to follow
the nonlinear growth of inhomogeneities in the matter density, one finds an
upper bound
500 pr 6%, .

729 M)
where pp is the mass density and dg is a typical fractional density pertur-
bation, both taken at the time of recombination. This is roughly the same
as requiring that py should be no larger than the cosmic mass density at
the earliest time of galaxy formation, which for a maximum galactic red-
shift of 5 would be about 200 times the present mass density. This is a big
improvement over missing by 120 orders of magnitude, but not good enough.

However, we would not expect to live in a big bang in which galaxy
formation is just barely possible. Much more reasonable is what Vilenkin
calls a principle of mediocrity,[] which suggests that we should expect to
find ourselves in a big bang that is typical of those in which intelligent life
is possible. To be specific, if Py priori(pv) dpy is the a priori probability of a
particular big bang having vacuum energy density between py and py +dpy,
and N (py ) is the average number of scientific civilizations in big bangs with
energy density py, then the actual (unnormalized) probability of a scientific
civilization observing an energy density between py and py + dpy is

pv <

dp(pV) = N(,OV) P priori(pV) dPV . (8)

We don’t know how to calculate N (py ), but it seems reasonable to take it
as proportional to the number of baryons that wind up in galaxies, with
an unknown proportionality factor that is independent of py. There is a
complication, that the total number of baryons in a big bang may be infinite,
and may also depend on py. In practice, we take N (py) as the fraction of
baryons that wind up in galaxies, which we can hope to calculate, and
include the total baryon number as a factor in Py priori(pv)-

The one thing that offers some hope of actually calculating dP(py ) is
that NV (py ) is non-zero in only a narrow range of values of py, values that are
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much smaller than the energy densities typical of elementary particle physics,
so that P, priori(pv) is likely to be constant within this range. [ The value
of this constant is fixed by the requirement that the total probability should
be one, so

N (pv) dpy

The fraction N (py) of baryons in galaxies has been calculated by Martel,
Shapiro and myself,[f] using the well-known spherical infall model of Gunn
and Gott,El in which one starts with a fractional density perturbation that
is positive within a sphere, and compensated by a negative fractional density
perturbation in a surrounding spherical shell. The results are quite insensi-
tive to the relative radii of the sphere and shell. Taking the shell thickness
to equal the sphere’s radius, the integrated probability distribution function
for finding a vacuum energy less than or equal to py is

1%

P(<pv) = ; dP
= 1+(1+p)e”
1 o
+ m/ﬁ e dx{—2\/ﬂ_x+ﬂ+2xln[\/ﬁ/x—i-l}}(lO)
where

0=

(B oy

202 \ 500 pp

with o the rms fractional density perturbation at recombination, and pp the
average mass density at recombination. The probability of finding ourselves
in a big bang with a vacuum energy density large enough to give a present
value of Qy of 0.7 or less turns out to be 5% to 12%, depending on the
assumptions used to estimate o. In other words, the vacuum energy in our
big bang still seems a little low, but not implausibly so. These anthropic
considerations can therefore provide a solution to both the old and the new
cosmological constant problems, provided of course that the underlying as-
sumptions are valid. Related anthropic calculations have been carried out
by several other authors.ﬁ
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I should add that when anthropic considerations were first applied to the
cosmological constant, counts of galaxies as a function of redshiftfq indicated
that Q4 is 0.1753, and this was recognized to be too small to be explained
anthropically. The subsequent discovery in studies of type la supernova
distances and redshifts that 2, is quite large does not of course prove that
anthropic considerations are relevant, but it is encouraging.

Recently the assumptions underlying these calculations have been chal-
lenged by Garriga and Vilenkin.El They adopt a plausible model for gener-
ating an ensemble of big bangs with different values of py-, by supposing that
there is a scalar field ¢ that initially can take values anywhere in a broad
range in which the potential V(¢) is very flat. Specifically, in this range

Ve e

It is also assumed that in this range V' (¢) is much less than the initial value
of the energy density pps of matter and radiation. For initial values of ¢ in
this range, the vacuum energy density py stays roughly constant while pys
drops to a value of order pg. To see this, note that during this period the
expansion rate behaved as H = n/t, with n = 2/3 or n = 1/2 during times of
matter or radiation dominance, respectively. If we tentatively assume that
¢ is roughly constant, then the field equation (1) gives

tV'(¢)
1+3n "

¢~ — (13)

During the time that pps > pg, the ratio of the kinetic to the potential
terms in Eq. (3) for py is
¢* V(9 8nGt*V(g) 37 V(e)
2V(6)  2(143n)V(e) — 2(1+3n)*  2(1+43n)*pm

S0 pg is dominated by the potential term. The fractional change in pg until
the time t. when p)s becomes equal to pg is then

[Bppl _ 1| [Py ’N VR(e)tz VP(9)
Py Po /0 Vi(9) g di| = 2(1 + 3n)py 87TGp2
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Following this period, pg becomes dominant, and the inequalities (12) ensure
that the expansion becomes essentially exponential, just as in theories with
the ‘tracker’ solutions discussed in the previous section. Hence in this class
of models, V(¢) plays the role of a constant vacuum energy, whose values
are governed by the a priori probability distribution for the initial values
of ¢. In particular, if one assumes that all initial values of ¢ are equally
probable, then the a priori distribution of the vacuum energy is

1

Pa priori (V((b)) & W . (16)
The point made by Garriga and Vilenkin was that, because V(¢) is so
flat, the field ¢ can vary appreciably even when py ~ V(¢) is restricted
to the very narrow anthropically allowed range of values in which galaxy
formation is possible. They concluded that it would also be possible for
the a priori probability (16) to vary appreciably in this range, which if true
would require modifications in the calculation of P(< py) described above.

The potential they used as an example was

V(6) = Vi + A(¢/M) + Bsin (¢/M) ,

with V; large, of order M*, A and B much smaller, and M a large mass,
but not larger than the Planck mass. This yields an a priori probability
distribution (16) that varies appreciably in the anthropically allowed range
of ¢.

It turns out[ that the issue of whether the a priori probability (16) is
flat in the anthropically allowed range of ¢ depends on the way we impose
the slow roll conditions (12). There is a large class of potentials for which
the probability is flat in this range. Suppose for instance that, unlike the
example chosen by Garriga and Vilenkin, the potential is of the general form

V(¢) = Vif(Ao) (17)

where V] is a large energy density, in the range m%v to m‘f)lanck, A>0isa
very small constant, and f(z) is a function involving no very small or very
large parameters. Anthropically allowed values of ¢/A must be near a zero
of f(z), say a simple zero at x = a. Then V'(¢) ~ A\Vif'(a) = AV; and
V(@) ~ XN2V1 f"(a) = A\2Vi, so both inequalities (12) are satisfied if

A < V8rG ('?/—V> . (18)
1
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Galaxy formation is only possible for |V (¢)| less than an upper bound Vijax,
of the order of the mass density of the universe at the earliest time of galaxy
formation, which is very much less than V7, so the anthropically allowed
range of values of ¢ is

Vmax

| — a/A] ax = WAlF (@)

(19)

The fractional variation in the a priori probability density (16) as ¢ varies
in the range (19) is then

V”(@) . N Vinax f”(a) ~ Vinax
‘V/(qb)'w a/>\|max_‘ | N' ne) <1 (20)

justifying the assumptions made in the calculation of Eq. (10).

I should emphasize that no fine-tuning is needed in potentials of type
(16). It is only necessary that V; be sufficiently large, A be sufficiently small,
and f(z) have a simple zero somewhere, with derivatives of order unity at
this zero. These properties are not upset if for instance we add a large
constant to the potential. But why should each appearance of the field ¢
be accompanied with a tiny factor A7 As we have been using it, derivatives
of the field ¢ appear in the Lagrangian density in the form —% L pOH @, as
shown by the coefficient unity of the second derivative in the field equation
(1). In general, we might expect the Lagrangian density for ¢ to take the
form

L= 5 8,00"6 — Vi f(8/M) (21)

where f(x) is a function of the sort we have been considering, involving no
large or small parameters, M is a mass perhaps of order (87TG)_1/ 2 and 1}
is a large constant, of order M*. With an arbitrary field-renormalization
constant Z in the Lagrangian, the field ¢ is not canonically normalized,
and does not obey Eq. (1). We may define a canonically normalized field as
¢ = v/ Z¢; writing the Lagrangian in terms of ¢, and dropping the prime, we
get a potential of the form (16), with A\ = 1/M+/Z. Thus we can understand
a very small A if we can explain why the field renormalization constant Z is
very large. Perhaps this has something to do with the running of Z as the
length scale at which it is measured grows to astronomical dimensions.
There is a problem with this sort of implementation of the anthropic
principle, that may prevent its application to anything other than the cos-
mological constant. When quantized, a scalar field with a very flat potential



leads to very light bosons, that might be expected to have been already ob-
served. If we want to explain the masses and charges of elementary particles
anthropically, by supposing that these masses and charges arise from expec-
tation values of a scalar field in a flat potential with random initial values,
then the scalar field would have to couple to these elementary particles, and
would therefore be created in their collisions and decays. This problem does
not arise for a scalar field that couples only to itself and gravitation (and
perhaps also to a hidden sector of other fields that couple only to other fields
in the hidden sector and to gravitation). It is true that such a scalar would
couple to observed particles through multi-graviton exchange, and with a
cutoff at the Planck mass the Yukawa couplings of dimensionality four that
are generated in this way would in general not be suppressed by factors of
G. But in our case the non-derivative interactions of the scalars with grav-
itation are suppressed by a factor V'(¢) o A, which according to Eq. (18)
is much less than v87G, yielding Yukawa couplings that are very much less
than unity. Thus it may be that anthropic considerations are relevant for
the cosmological constant, but for nothing else.
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